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Abstract

Modeling the structure of spatial dependence by the geostatistical approach is fun-
damental for the estimation of parameters that define this structure. This is also used
in the interpolation of values at unsampled locations by the kriging technique. It is
well known the presence of outliers in sampled data can greatly affect the estimation of
parameters. The goal of this work is to present diagnostic techniques using the local in-
fluence method when there is perturbation in the matrix of explanatory variables of the
Gaussian spatial linear model useful for geostatistical analysis. Studies with experimen-
tal data have shown that the presence of outliers may cause variations in construction
of maps by changing the structure of the spatial dependence. The application of tech-
niques of local influence must be part of all geostatistical analysis to ensure that the
information contained in thematic maps are of better quality.
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1. INTRODUCTION

In modeling the spatial variability of regionalized variables, the method of maximum like-
lihood (ML) estimation is used to estimate the parameters that define the structure of
spatial dependence. This is also used in the interpolation of values in areas not sampled
by the kriging technique (see, e.g., Stein, 1999), generating thematic maps that could be
used for a localized treatment in the study area. The quality of these maps depends on
the inferences for the models chosen. In order for the kriging technique to give reliable
predictions and represent the true local variability, the modeling process should be done
with caution, especially in the presence of outliers or influential observations.
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Cook (1986) developed a diagnostic technique called the local influence method. Cook
(1986)’s method has become a popular diagnostic tool for the identification of influential
observations in regression. Many papers have been published on this subject. Beckman et
al. (1987) presented studies on influence of analysis of variance models with mixed effect.
Paula (1993) developed local influence on linear models with restriction in the parameters
in the form of linear inequalities. Pan et al. (1997) applied methods of local influence in
multivariate analysis. Galea et al. (1997, 2003) and Liu (2000) presented studies of local
influence on linear elliptical models. Zhu and Lee (2001) proposed a procedure to assess
local influence for incomplete data. Zhu et al. (2007) constructed influence measures by
assessing local influence of perturbations to a statistical model. Chen and Zhu (2009)
proposed a perturbation selection method for selecting an appropriate perturbation with
desirable properties and then developed a second-order local influence measure on the basis
of the selected perturbation, in the context of general latent variable models.

The goal of this paper is to apply the local influence method to Gaussian spatial linear
models in order to verify if there are observations that cause some kind of influence on
likelihood displacement (LD) when there are perturbations on the covariates matrix. This is
a continuation of the work by Borssoi et al. (2009), who considered an additive perturbation
of the responses vector.

The paper unfolds as follows. Section 2 presents the Gaussian spatial linear model.
Section 3 describes the local influence method based on the LD and two perturbation
schemes on the explanatory variables. Section 4 carries out an application to illustrate the
methodology developed in this paper. The data set is included in the appendix. Finally,
Section 5 contains some concluding remarks.

2. GAUSSIAN SPATIAL LINEAR MODEL

Consider a Gaussian stochastic process {Z(s),s € S C R}, with R¢ being a d-dimensional
Euclidean space (d > 1). Suppose that the elements Z(s1),...,Z(s,) of this process are
recorded in known spatial locations s;, for ¢ = 1,...,n, and generated from the model

Z(si) = p(si) + €(si),
with the deterministic and stochastic terms, u(s;) and €(s;) respectively, may depend on

the spatial location at where Z(s;) is obtained. It is assumed that the stochastic error €(+)
has Ele(s;)] = 0. The variation between points in the space is determined by a function

of covariance C(s;, s,,) = Cov|e(s;), €(sy)], for i,u = 1,...,n. In addition, for some known
functions of s, say z1(s),...,xp(s), p(s;) is defined by a spatial linear model given by
P
(i) = 3 Tu(50)us
u=1
with 1, ..., 8, being unknown parameters to be estimated. Equivalently, in matrix nota-
tion,
Z =X +e,

where E(e) = 0 (null vector) and the covariance matrix is ¥ = [(04y,)], with 04, = C(s;, Su).
Assume X is an n X n nonsingular matrix, X is a full column rank matrix, and 8 =
(Biy.es 5p)T is the vector of coefficient of the model. Then, Z has a n-variate normal
distribution with mean X3 and covariance matrix X, i.e., Z ~ N, (X3, X).
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We focus on a particular parametric form for the covariance matrix (see Mardia and
Marshall, 1984) given by

Y = (plln + (pgR,

where (1 is the nugget effect or variance error, ys is the dispersion variance, R is a matrix
that is function of 3, and R = R(g3) = [(r4,)] is an n x n symmetric matrix with diagonal
elements r; = 1, for ¢ = 1,...,n, where (3 is function of range of the model and I,, is the
n X n identity matrix.

The parametric form of the covariance matrix occurs for various isotropic processes,
where the covariance C(s;, s,) is defined according to the covariance function C(d;,) =
©aTiu, Where 8, = ||s; — sy]| is the Euclidean distance between points s; and s,. In the
covariance functions C(d;,), the variance of the stochastic process Z is C(0) = @1 + ¢2
and the variogram can be defined as v(6) = C(0) — C(9).

3. LoOCAL INFLUENCE ON LIKELIHOOD DISPLACEMENT

The study of outliers and detection of influential observations is an important step in anal-
ysis of georeferenced data. The local influence method suggested by Cook (1986) evaluates
the simultaneous effect of observations on the ML estimator without removing it from the
data set.

Let £(0) be the log-likelihood function for the postulated model and w a perturbation
vector belonging to a perturbation space (). It is assumed that exists wg € §2 such that
L(0) = L(O|wy). The influence of the perturbation w on the ML estimator can be evaluated
by the LD given by LD(w) = 2{£(8) — £(6,)}, where 0 is the ML estimator of 6 =
(B7,¢ )T in the postulated model, with 8" = (B1,...,8,), @' = (1,92, ¢3) and 0, is
the ML estimator of @ in the perturbed model by w. Cook (1986) proposed to study the
local behavior of LD(w) around wg. He showed that the normal curvature C; of LD(w),
at wy in direction of some unit vector [, is given by C; = 2[ITATL™Al|, with ||I|| = 1,
where L is the observed information matrix, evaluated at @ = 6 and A is a (p + 3) x m
matrix given by A = (A}, A;)T, evaluated at @ = 0 and at w = wg. Here m = dim(€).

Let B=ATL A and l,,.x be the normalized eigenvector in absolute value associated
with the largest eigenvalue of B matrix. The index plot of the elements of |I;,x| may reveal
what type of perturbation has higher influence on LD(w), around wp; see Cook (1986).
In addition, given the matrix B, C; = 2|b;;| can be considered as cut point, where b;; are
the elements of the main diagonal of matrix B. We can also use the index plot of C; to
evaluate the existence of influential observations.

In relation to the perturbation schemes of the predictors, Thomas and Cook (1990)
indicated that: “Local modifications of the explanatory variables may not be meaningful
when these variables are discrete”. Then, it is supposed that the design matrix X is
composed of discrete and continuous predictors and considered the partition X = [X1, Xs],
where X is an n X p; submatrix of discrete predictors (for example X; can be a column
vector 1’s or a submatrix of predictors that is not relevant to perturb) and Xo a n X po
submatrix of continuous predictors, with p;+ps = p. We consider two perturbation schemes
of the form X, = [Xy, Xz2]; see Cook (1986), Thomas and Cook (1990) and Zhu et al.
(2007).
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ScaHEME 1. Consider the perturbation
X2 = X9 + WS,

where W = [(wjj)], for i = 1,...,n and j = 1,...,p9, is an n x pp matrix of pertur-
bations and S = diag(si,...,sp,) is a pa X pp matrix, with si,...,sp, being respectively
the estimates of the standard deviations of the py covariates perturbed. In this case, the
perturbation vector is given by the nps x 1 vector w = vec(W).

ScHEME 2. Another perturbation scheme is

Xw2:X2+sT®w,

where s = (sq,... ,spz)T is a vector py X 1, w a n x 1 vector of perturbation and ® is the

Kronecker product of two matrices.
For Schemes 1 and 2, the perturbed log-likelihood function is given by

£(01w) =~ Tog(2m) — 5 log || — 5 (7 ~ XuB) =7 (2~ XuB).

Then, using results of derivatives of matrices, we have, for Scheme 1 (see Nel, 1980),

0%L(0
Aig= T2 (1,6 ve (L) HOT,),

where H = A{ﬁ)_l(Z ~XB)@1,,} — {Vec(ﬁl_lX)BQTS} is an np X pe matrix, with

A= <(S ® I(:)szn> 7

O being an np; x npz zero matrix and K,,,, a pan X pan commutation matrix, i.e., A is an
np x npz matrix. Finally, 32 is the vector pa x 1 obtained from the partition 8 = (8,55 ).
Using a similar procedure, we obtain the matrix of second derivatives

02L(0|w)
dpow T’

with elements

92L(6]w)

0%
1=
8g0jawT

1
= _iﬁg—s{(sz + Ipz) ® (Z - XWB)T( 8Q0]

=N}, =123

Evaluating at 8 = 0 and at w = 0, we obtain the A, matrix for Scheme 1, which takes
the form Ay, = (AI¢1,AI¢2, AL?’)T.
For Scheme 2, we obtain

Dog=AE (Z-XB)oTL,) (s 5)X'S,
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where now

A= (sm&an)) )

zero matrix and Ag, = (AZT%,AQT@Q, AQT%)T, with

with O being a p; x n?

Doy, = (s")(Z=XB)TE =2, j=1,23

Note that if po = 1, i.e., perturbed a single predictor, both schemes coincide.
The observed information matrix has the form

L_ <Lﬁb’ Lﬁw) 7
Leg Ly

where Lgg = —X 27X, Lg, = 0°£(0)/0B0p ", with elements

92L(6) e 03
= —X E 76’ = 1, 2, 3
9B09; 0p; "7

and € = (Z — XB); Lyg = ng and Ly, = 02L£(0)/0p0¢ ", with elements

92L(6) 1tr{2_1<822_182 GR)> )}

dpidp; 2 dpi~ Doy 0pidp;
2
+1J2—1 { orx o 2—1872 - 8722—1 0% } > le
2 0pi0p;  0p; Op; 0 0p;

4. APPLICATION

This section contains an application of the local influence method for Gaussian spatial
linear model. We analyze a real data set and focus on the 8 parameter. For the geostatistical
analysis, we use the R software (http://www.R-project.org); see Ribeiro and Diggle
(2001) and R Development Core Team (2009).

A sample of 47 points are collected in the crop year 2006/2007 in a 57 ha commercial
area, in western region of Parand State, Brazil. The response variable is the soybean yield
(2) [tha™!] and as covariates the soil resistance to penetration through layers 0-0.1m (z2),
0.1-0.2m (x3) and 0.2-0.3m (x4) of depth. The points were georeferenced in a systematic
sampling —lattice plus close pairs—, with a maximum distance of 141m between points and
in some locations with distances of 75m and 50m between points. These points were located
with a GPS receiver signal GeoExplorer 3, in a system of spatial coordinates (UTM). The
data collected are displayed in Tables 4 and 3 presented in Appendix.

The mean soybean yield is defined by

p(s) = P+ Paxa + P33 + Baxa,

where (1, (2, B3 and (4 are parameters to be estimated by the ML method. Table 1
shows the covariance functions used for modeling the structure of the spatial variability
and the ML estimates of @ = (,BT, <pT)T. The respective asymptotic standard errors are
in parentheses.
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Table 1. ML estimates of @ = (8", )7 for the indicated covariance functions.

Covariance B o B3 B4 1 2 3
Exp 3.4444 —0.0001 —0.1444 0.0672 0.0739 0.0565 125.2862
(0.3549) (0.0886) (0.1062) (0.1232) (0.0360) (0.0462) (1.2927)
Gaus 3.4390 —0.0046 —0.1394 0.0675 0.0911 0.0392 183.7579
(0.3503) (0.0872) (0.1042) (0.1224) (0.0242) (0.0295) (0.4281)
Matérn 3.4458 —0.0004 —0.1442 0.0665 0.0809 0.0496 112.2012
(k=0.7)  (0.3546) (0.0885) (0.1060) (0.1232) (0.0313) (0.0406) (0.3314)

We consider the case of perturbing a single covariate; see Thomas and Cook (1990).
Indeed, the covariate (x4) corresponding to the soil resistance to penetration through
layer 0.2-0.3m of depth is perturbed. In this case, po = 1 so that, as mentioned, the two
perturbation schemes discussed coincide. Figure 1 shows the index plots of C; and |lyax|
for the exponential, Gaussian and Matérn (x = 0.7) covariance functions. It may be noted
that observations #13 and #24 are potentially influential in all cases.

P2

(a) Index plot of C; (Exp)

B

(d) Index plot of |lmax| (Exp)

Using cross-validation criterion and the maximum value of the logarithm of likelihood
function (see Faraco et al., 2008), the Gaussian covariance function is chosen to illustrate
the effect of observations identified as potentially influential in thematic maps. We remove
observations #13 and #24, which are detected by the plot shown in Figure 1. Consequently,
the parameter estimates of the model change to 5 = 3.4034, 83 = —0.0120, 53 = —0.0632,
B4 = 0.0011, 1 = 0.0574, po = 0.0408 and @3 = 182.0224. It can be observed that there
is a difference between the maps with all the data and without observations #13 and #24;

Ea

(b) Index plot of C; (Gaus)

&

(e) Index plot of |lmax| (Gaus)
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Figure 1. Index plots of C; and |lmax| for the indicated covariance functions.

see Figures 2a) and 2b), respectively.
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Figure 2. Estimated thematic maps using the Gaussian covariance function.

Table 2 is derived from soybean thematic maps generated with and without the influ-
ential points indicated by the study. Changes can be seen in the percentages of classes in
areas of productivity due to the influential points.

Table 2. Percentage of productive areas for the cases under study.

Productivity ~With all the data Without observations

[tha™!] (%) #13 and #24 (%)
[2.90 — 3.03] 6.59 5.67
[3.04 — 3.17] 42.00 40.52
[3.18 — 3.31] 32.26 32.47
[3.32 — 3.45] 14.90 16.47
[3.46 — 3.60] 4.25 4.86
Total 100 100

5. CONCLUSIONS

In this paper, we have proposed a study of atypical observations by using the technique of
local influence considering a perturbation in the matrix of explanatory variables, which is
useful to detect changes in the maximum likelihood estimator. It is well known influential
observations can change the estimates of the parameters and, consequently, these may
change the conclusions of the statistical analysis. Then, diagnostic techniques should be
employed to identify departures from the postulated model and influential observations.
We have discussed an application using real data set, where we perturb one explanatory
variable. The study have shown that the presence of influential observations in the data
set can cause distortions in the construction of thematic maps, changing the structure of
the spatial dependence. The application of influence diagnostic techniques should be part
of all geostatistical analysis, ensuring that the information contained in thematic maps
has higher quality and reliability.
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APPENDIX II: DATA SET USED IN THE APPLICATION

Table 3. coordinate (X,Y) of the contour.

Point X Y Point X Y Point X Y

1 240606.55  7237714.28 67 240484.59  7237165.74 133 239670.32  7237585.62
2 240653.33  7237654.36 68 240469.36  7237162.14 134 239678.03  7237600.62
3 240665.83  7237638.98 69 240445.98  7237156.60 135 239687.27  7237614.68
4 240677.56  7237623.01 70 240430.42  7237153.11 136 239703.03  7237633.59
5 240694.14  7237597.85 71 240414.91  7237149.41 137 239714.88  7237645.17
6 240708.25  7237582.47 72 240391.66  7237142.95 138 239728.02  7237654.69
7 240721.23  7237566.07 73 240376.14  7237138.18 139 239749.36  7237665.54
8 240739.09  7237540.02 74 240352.04  7237131.63 140 239763.93  7237671.26
9 240752.09  7237523.54 75 240335.83  7237126.73 141 239778.87  7237675.09
10 240765.76  7237507.46 76 240319.94  7237121.04 142 239801.47  7237677.85
11 240785.25  7237481.68 T 240296.79  7237112.51 143 239816.06  7237678.65
12 240798.25  7237464.28 78 240281.73  7237107.09 144 239830.32  7237679.32
13 240812.43  7237447.54 79 240266.73  7237101.78 145 239851.34  7237677.80
14 240833.76  7237422.21 80 240244.54  7237092.34 146 239865.11  7237674.36
15 240847.30  7237404.84 81 240229.20  7237086.27 147 239885.57  7237667.99
16 240860.56  7237387.25 82 240213.79  7237080.73 148 239899.29  7237663.19
17 240880.59  7237361.26 83 240190.57  7237072.50 149 239911.87  7237657.46
18 240893.62  7237343.72 84 240175.06  7237068.27 150 239930.06  7237648.19
19 240914.19  7237318.17 85 240152.32  7237061.64 151 239941.78  7237642.41
20 240927.65  7237301.19 86 240137.28  7237057.38 152 239953.18  7237637.28
21 240940.28  7237283.98 87 240122.41  7237053.64 153 239968.76  7237630.52
22 240951.56  7237266.08 88 240100.41  7237048.49 154 239977.56  7237626.55
23 240962.65  7237248.44 89 240086.48  7237045.08 155 239985.06  7237623.20
24 240980.93  7237224.80 90 240072.28  7237041.63 156 239991.24  7237620.23
25 240998.54  7237203.44 91 240049.64  7237042.16 157 240016.13  7237601.54
26 241013.15  7237184.32 92 240034.97  7237046.07 158 240027.40  7237595.70
27 241025.45  7237168.54 93 240020.64  7237051.57 159 240038.25  7237590.92
28 241033.65  7237159.59 94 239999.95  7237061.73 160 240050.60  7237585.71
29 241042.31  7237148.40 95 239987.04  7237069.74 161 240070.83  7237575.90
30 241046.11  7237143.63 96 239975.89  7237079.80 162 240085.79  7237569.86
31 241042.72  7237139.17 97 239961.37  7237096.48 163 240101.53  7237565.39
32 241038.67  7237138.07 98 239952.61  7237108.46 164 240124.84  7237559.99
33 241029.88  7237138.05 99 239941.61  7237127.64 165 240140.37  7237557.43
34 241016.46  7237138.98 100 239935.18  7237140.04 166 240163.86  7237555.25
35 240991.80  7237140.67 101 239927.00  7237151.19 167 240179.89  7237555.20
36 240964.35  7237142.46 102 239914.10  7237167.53 168 240195.93  7237555.72
37 240945.99  7237143.62 103 239905.81  7237177.93 169 240219.46  7237557.99
38 240920.76  7237143.70 104 239898.05  7237188.48 170 240234.76  7237560.85
39 240906.25  7237143.12 105 239890.93  7237198.78 171 240249.72  7237563.93
40 240893.82  7237142.23 106 239883.75  7237208.58 172 240272.62  7237568.52
41 240882.64  7237141.08 107 239873.22  7237224.27 173 240287.61  7237573.56
42 240871.66  7237140.37 108 239859.21  7237238.39 174 240309.61  7237582.60
43 240863.09  7237139.92 109 239843.70  7237253.01 175 240324.56  7237589.05
44 240853.34  7237138.54 110 239833.12  7237263.13 176 240347.22  7237599.82
45 240848.69  7237137.49 111 239817.08  7237277.59 177 240361.59  7237607.91
46 240838.31  7237136.75 112 239806.13  7237285.73 178 240381.26  7237622.13
47 240827.42  7237139.84 113 239794.89  7237291.83 179 240393.78  7237631.70
48 240814.09  7237143.67 114 239780.09  7237298.79 180 240413.31  7237643.81
49 240803.00  7237148.11 115 239744.53  7237312.76 181 240425.13  7237651.83
50 240790.39  7237153.76 116 239731.85  7237316.46 182 240437.48  7237660.27
51 240769.01  7237162.72 117 239712.8  7237324.10 183 240457.14  7237671.94
52 240754.20  7237167.99 118 239700.47  7237330.19 184 240470.53  7237679.01
53 240739.14  7237172.44 119 239681.50  7237340.73 185 240484.16  7237685.43
54 240716.69  7237178.63 120 239669.30  7237349.57 186 240505.56  7237693.10
55 240701.62  7237181.79 121 239658.55  7237360.52 187 240519.16  7237697.59
56 240686.51  7237184.78 122 239644.83  7237378.37 188 240539.79  7237702.37
57 240663.75  7237187.35 123 239637.07  7237390.81 189 240552.52  7237704.44
58 240648.60  7237187.64 124 239631.37  7237404.79 190 240565.22  7237706.72
59 240625.99  7237187.72 125 239629.77  7237428.06 191 240583.04  7237710.31
60 240611.13  7237187.49 126 239632.34  7237444.56 192 240593.561  7237712.84
61 240589.03  7237185.63 127 239635.19  7237461.50 193 240601.26  7237714.38
62 240574.50  7237183.29 128 239640.22  7237487.24 194 240606.55  7237714.28
63 240559.84  7237180.90 129 239643.42  7237504.24 195 240606.55  7237714.28
64 240537.62  7237176.57 130 239646.99  7237521.31 196 240606.55  7237714.28
65 240522.88  7237173.53 131 239653.97  7237546.03
66 240507.91  7237170.42 132 239659.68  7237562.17
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Table 4. X,Y: coordinate (UTM); z: soybean yield (¢ hafl); zg: soil resistance to penetration through layer 0-0.1m;
x3: soil resistance to penetration through layer 0.1-0.2m; x4: soil resistance to penetration through layer 0.2-0.3m.

Obs X Y z T2 T3 x4
1 240674 7237587 2.84 2.697 2.359 1.750
2 240811 7237409 2.86 3.692 3.709 2.123
3 240948 7237231 3.64 3.124 2.053 2.172
4 240569 7237601 3.15 3.511 2.776  1.969
5 240463 7237615 3.59 2.920 2.564 2.524
6
7
8
9

240509 7237555 2.83 2.680 2.327 1911

240600 7237437 3.54 1.398 1.954 2.738

240783 7237199 3.00 2.016 1.356  2.547

240678 7237213 2,79  3.455  3.207  2.109
10 240541 7237391 4.00 2.367 2.405 2.296
11 240449 7237510 3.26 2.560 2.178  2.102
12 240404 7237569 3.14 3.259 3.682  2.536
13 240344 7237524 2.09 3.651 2.452 2.197
14 240435 7237405 3.90 2.170 2.782  2.096
15 240481 7237346  3.33 3.672 2.980 2.049
16 240572 7237227  3.63  3.423 2477  2.099
17 240513 7237182 3.19 2416 2.824 2.406
18 240467 7237241  3.63 2.519 2.755  2.211
19 240421 7237300 3.44 1.808 2.310 2.463
20 240376 7237360 3.02 2.700 2.366 1.954
21 240284 7237478  2.90 3.508 3.274  2.403
22 240179 7237492 3.11 2,102 2421 1.630
23 240225 7237433 3.02  2.389 2.331 1.986
24 240316 7237314 4.09 2.556 2.735 2.224
25 240362 7237255 3.46 2.469 3.193 2.736
26 240348 7237150  3.47  3.590 2.212  1.478
27 240211 7237328 3.30 2.392 2.360 1.735
28 240074 7237506  3.19 2.237 1915 1.826
29 239877 7237639 3.29 2.640 2.196 1.574
30 239923 7237579 2.87 2.750 1.919 4.958
31 240014 7237461 3.15 2.992 2.068 1.728
32 240151 7237283 3.49 2418 2.262 1.897
33 240242 7237164 3.65 3.160 2.048 2.011
34 240288 7237105 3.28 2.813 2.707 1.580
35 240137 7237178 3.55 2.388 1.973 1.677
36 239909 7237475 3.07 2.369 1.988 1.879
37 239863 7237534 2.64 1.929 1.705 1.481
38 239817 7237593 2.94 2537 2.286 1.762
39 239757 7237548 2.80 3.004 2.593 2.141
40 239803 7237489  3.10 3.330 2.152  1.452
41 239895 7237370 3.08 2.763 2.471  2.289
42 239940 7237311 2.73 2329 2132 1.683
43 240077 7237132  3.65 2.544 2.897 2.095
44 240123 7237073 3.49 3.245 3.085 2.663
45 239881 7237265 3.38 2913 1.861 1.337
46 239835 7237324 3.02 2541 2.140 1.639
47 239729 7237338 3.04 2.627 2.202 1.637
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